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As ex is increasing by (8.5.3), we have \el\ < e^ for \t\ < |jc|, hence
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But if «0 is an integer > |jc|, we have
for   n > nQ,
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and by (9.1.2) the series is normally convergent in any compact interval.
Using the remark which follows (9.4.5), we can define in C an entire func-
tion ez (also written exp z) as equal to the sum of the power series (zn/n\).
We have
(9.5.2)	ez+s' = ezez'
for both sides are entire functions in C2 which coincide in R2, and we apply
(9.4.4).
For real x, e lx is the complex conjugate of elx, since (— ix)n is the
complex conjugate of (fx)n; from (9.5.2) it follows that \eix\ = 1. We define
cos x = 3&(eix), sinx = J(eix) for real x\ they are entire functions of
the real variable x by (9.3.3), and the relation \eix\ = 1 is equivalent to
cos2x + sin2* = 1, and implies |cosx| ^ 1 and jsin x\ < 1 for any real x.
Moreover, we have
(9.5.3)
 = ez
since both sides are entire functions (by (9.3.5) in C, which coincide in R.
In particular (see Remark following (8.4.1)), D(e1'*) = ieix for real x, hence
(9.5.4)
 D(cos x) = —sin x,       D(sin x) = cos x.
The definitions of cos x and sin x for real x can also be written
cos x = %(eix + e~"ix), sin;c = (eix — e'ix)/2i; these formulas may be used
to define cos z and sin z for complex z, replacing x by z in the right-hand
sides. With these definitions, formulas (9.5.4) are still valid for complex
values of x.
(9.5.5)   There is a number n > 0 such that the solutions of the equation ez = 1
are the numbers 2nni (n positive or negative integer).

